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ELEMENTS OF GENERAL RELATIVITY 



It is not the purpose of this chapter to introduce or explain Einstein's 
general theory of relativity, since the reader who is not already familiar 
with it is unlikely to gain much from this book. The main purpose here is 
simply to clarify the notation that will be used. It is also appropriate in 
this chapter to briefly introduce the Newman-Penrose formalism which 
facilitates the geometrical analysis of the colliding plane wave problem 
and which will be used in Chapter 6 to derive the field equations. 



2.1 Basic notation 

Basically, we will be following a very traditional approach, and the nota- 
tion adopted will be that of the well known paper of Newman and Penrose 
(1962). 

Accordingly, a space-time will be represented by a connected 
Hausdorff manifold M together with a locally Lorentz metric g^^ with 
signature (+,—,—,—) and a symmetric linear connection F^^^^. Greek 
indices are used to indicate the values 0,1,2,3, and the covariant derivative 
of a vector is given by 

A\, = A\ + V\,A^ (2.1) 

where a comma denotes a partial derivative. 

The curvature tensor is given in terms of the connection by 

pA "pA "pA I "pA pQ; pA pCK /o o\ 

The Ricci tensor, which is the first contraction of the curvature tensor, is 
given by 

The ciuvature tensor has twenty independent components. These can be 
considered as the ten independent components of the Ricci tensor, and 
the ten independent components of the Weyl tensor, which is the trace 
free part of the curvature tensor, and is given by 

^kx^v — Rkx^xv 2^Rx^j,gKv Rxi>gKfi RK^gxv ~i~ RKvgxfi) 
+ iRigx^gKu - gxi^gKfj.) 
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where R = is the curvature scalar. 

These two groups of components have different physical interpreta- 
tions. The components of the Ricci tensor are related to the energy- 
momentum tensor T^j, of the matter field present, through Einstein's 
equation 

R^.. - \9t.uR = -SttT^.. (2.5) 

These components can be considered to define the amount of curvature 
that is directly generated by the matter fields that are present at any 
location. For a vacimm field they will be zero, but they will be non-zero 
when electromagnetic waves or other fields are present. 

The components of the Weyl tensor, on the other hand, define the 
'free gravitational field'. They may be considered as describing the com- 
ponents of curvature that are not generated locally. In this sense they 
describe the pure gravitational field components. They may be inter- 
preted as the components of gravitational waves, or of gravitational fields 
generated by non-local sources. 

2.2 Components of the curvature tensor 

It is convenient to represent the curvature tensor in terms of distinct 
sets of components. Not only may it be divided into the Weyl and Ricci 
tensors, but each of these tensors may be described in terms of distinct 
components. The appropriate notation here is that of Newman and Pen- 
rose (1962). 

It is found to be convenient to introduce a tetrad system of null 
vectors. These include two real null vectors and n'^, a complex null 
vector m^, and its conjugate. They are defined such that their only non- 
zero inner products are 

= 1' ^f^^'" = -1' (2-6) 
and they must satisfy the completeness relation 

gij,v = l,xnj,-\-n^l^-m^fhj,-fh^mj,. (2.7) 

Having defined a tetrad basis, the Ricci and Weyl tensors may now be 
expressed in terms of their tetrad components. The ten independent com- 
ponents of the Ricci tensor can conveniently be divided into a component 
A representing the curvature scalar and the nine independent components 
of a Hermitian 3x3 matrix ^ab which represents the trace free part of 
the Ricci tensor and satisfies 



^AB = ^BA 



(2.8) 
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where A, B = 0, 1, 2. These components are defined by 



$00 
$01 
$02 
$11 
$12 
$22 

A 



_1d m/f 



(2.9) 




The ten independent components of the Weyl tensor, representing 
the free gravitational field, can more conveniently be expressed as the five 
complex scalars 



These components have distinct physical interpretations that will be men- 
tioned below. They also have particular convenience when considering the 
algebraic classification of the space-time. 

Gravitational fields are usually classified according to the Petrov- 
Penrose classification of the Weyl tensor. This is based on the number 
of its distinct principal null directions and the number of times these are 
repeated. This classification is most conveniently described using a spinor 
approach. However, there is no need to introduce spinors here, as tetrads 
are sufficient. 

According to the tetrad approach, a null vector k'^ is said to describe 
a principal null direction of the gravitational field with multiplicity 1,2, 
3 or 4 if it satisfies respectively 



*i 

^'2 
*4 



(2.10) 



C K,\p,[ukfj^k^k^ = 

CnXuliykajk^ = 



(2.11) 



where square brackets are used to denote the antisymmetric part. There 
are at most four principal null directions. 
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If all four principal null directions are distinct, the space-time is said 
to be algebraically general, or of type I. If there is a repeated principal 
null direction, then the space-time is said to be algebraically special. If it 
has multiplicity two, three or four, the space-time is said to be of types II, 
III or N respectively. If a space-time has two distinct repeated principal 
null directions, it is said to be of type D. If the Weyl tensor is zero, the 
space-time is conformally flat or of type O. 

If either of the basis vectors P or are aligned with principal null 
directions then either = or = respectively. If the vector l^^ 
is aligned with the repeated principal null direction of an algebraically 
special space-time, then \&o = ^1 = 0. If this principal null direction 
is repeated two, three or four times, then the only non-zero components 
of the Weyl tensor are the sets (\E'2,^'3,^'4), (^'3, ^'4) or ^'4 respectively. 
Finally, if l^^ and are both aligned with the distinct principal null 
directions of a type D space-time, then the only non-zero component of 
the Weyl tensor is ^^2- 

The physical meaning of the different components of the Weyl tensor 
has been investigated by Szekeres (1965), and may be summarized as 
follows: 

\E'o denotes a transverse wave component in the direction, 
^'i denotes a longitudinal wave component in the direction. 

denotes a coulomb component. 
\E'3 denotes a longitudinal wave component in the P direction. 
^^4 denotes a transverse wave component in the l^^ direction. 

This interpretation will be very useful when we come to analyse the in- 
teraction between two gravitational waves. It is possible to align the two 
basis vectors and n'^ with the two waves. The interaction to be con- 
sidered here is between transverse waves, so the problem is to find the 
interaction between the ^'4 and ^'o components. 

2.3 Spin coefficients 

In some situations it has been found convenient to modify the notation 
for tetrads, spinors and spin coefficients in recent years. ^ However, it is 
most convenient here to continue to use the original notation of Newman 
and Penrose (1962).^ Those not familiar with this notation need not be 

^ See Geroch, Held and Penrose (1973), Penrose and Rindler (1985). 

^ For a detailed introduction to the Newman-Penrose formalism see Pi- 
rani (1965), Carmeli (1977), Alekseev and Klebnikov (1978), Frolov (1979) and 
Kramer et al. (1980). 
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too alarmed, as we have no need here to introduce spinors or their more 
intricate properties. Effectively, we are only introducing the notation 
because of its convenience for describing certain geometrical properties of 
the solutions. 

The main feature of the Newman-Penrose formalism is the intro- 
duction of spin coefficients. These are complex linear combinations of 
the Ricci rotation coefficients associated with the null tetrad. They are 
defined by 



K = 








V = 






P = 














a 








X 
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TT = 






1 = 




- m,^.^ 










a = 




- 










P = 




- rUfj, 










7 = 













(2.12) 



The spin coefficients have the following geometrical interpretations. 
If K = 0, then is tangent to a geodesic null congruence. If, in addi- 
tion, TZe e = 0, then P is the tangent vector corresponding to an affine 
parametrization, and —TZe p, Im p and \a\ define the expansion, twist 
and shear of the congruence respectively. Also, arg cr determines the shear 
axes. With a change of sign, a positive value for TZe p is more appropri- 
ately referred to as the contraction of the congruence. 

It may also be noted that is propertional to the gradient of a scalar 
field if, and only if, it is tangent to a twist-free null geodesic congruence 
(k = 0, p — p = 0). Also, Ifj, is equal to the gradient of a scalar field when 
K = 0, p — p = 0, e + e = and a + 13 ~ t. 

In the congruence defined by n'^ the coefficients —u, —7, — |U, —A 
correspond to k, e, p, a respectively. The geometrical properties of the 
solutions given later can be very conveniently analysed in terms of these 
spin coefficients. 

We also need to define the intrinsic derivatives. These arc directional 
derivatives in the directions of the four tetrad vectors, and are defined by 

D^FV^, A^n'^V^, 5 = m'^V^, 5 = m'^V^ (2.13) 

where is the covariant derivative operator, previously denoted by a 
semicolon. 
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Basic to their formalism is the set of Newman-Pemose identities. 
The first group of these are Unear combinations of the Ricci identities 
applied to the tetrad vectors. These will only be referred to occasionally 
in the following sections, but it is still worth quoting them here as follows: 

Dp-5K = p'^ + aa + p{e + e) -Rr - K{3a + P - tt) + ^oo (2.14a) 

Da -Sk = a{p + p) + a{3e - e) - ^(Tr - tt + a + 3/?) + *o (2.146) 
Dt — Ak — p{t + 7f ) + cr(f + tt) + T(e — e) — '^(37 + 7) 

+ ^'i + $oi (2.14c) 

Da-Se = a{p + e-2e) + /3a - (3e - k\ - ^7 + 7r(p + e) + $10 {2.Ud) 

Dl3-6e = a{a + n) + P{p - e) - k^j, + 7) - e{a - 7f) + ^'i (2.14e) 
D7 — Ae — a{T + Tv) + (3{f + tt) — 7(e + e) — €(7 + ^) + tit — uk 

+ ^2-A + $ii (2.14/) 

D\-6n = pX + afi + TT^ + n{a - (3) - uk - A(3e - e) + $20 (2.145f) 

Dp - Sn = pp, + aX + nn - p{e + e) - n{a - /3) - z/k + *2 + 2A (2.14/i) 
Diy — An — p{tv + f) + A(7f + r) + 77(7 — 7) — z^(3e + e) 

+ ^3 + $21 (2.14i) 

AX-du = -X{p + fi)- A(37 - 7) + u{3a + /3 + tt - f ) - *4 (2.14j) 
6p — 6a — p{a + (3) — a{3a — (3) + t{p — p) + k{p — ft) 

-^1 + $01 (2.14/c) 
Sa — Sp = pp — aX + ad + (3/3 — 2a(3 + 7(p — p) + e(p — p) 

-*2 + A + $ii (2.140 
SX — Sp = v{p — p) + tt{p — p) + p{a + (3) + X{d — 3/3) 

-■^3 + ^21 (2.14m) 

5iy - Ap = p"^ + XX + pi'f + 7) - z/TT + z/(r - 3/3 - a) + $22 (2.14n) 

^7 - A/3 = t{p + 7) - 7a - ctz/ - ez/ - /3{2'y - ^ - p) + aX + $12 (2.14o) 

St - Aa = pa + pX + t{t + /3 - d) - a{3'y - 7) - kz/ + $02 (2.14p) 

Ap-6T = -pp - aX + T{/3 - a - f) + ^(7 + 7) + kz/ - ^'2 - 2A (2.14q) 

Aa - 57 = zy(p + e) - A(t + /3) + ^(7 - p) + 7(^ - r) - *3- (2.14r) 

We will also require the commutation relations between the intrinsic 
derivatives. When applied to scalar functions, these are given by 

Ai:» - i:>A = (7 + ^)D + (e + e)A - (r + 7t)S - (f + 7t)S 

SD - D6 = {d + P - Tt)D + kA - o-^ - (p + e - e)(5 

5A-A5= -VD + (r - a - P)A + A5 + (p - 7 + 7)^ ^ ' ' 

SS-6S={p- p)D + (p - p) A + (/3 - d)5 + (a - P)5. 
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These can be applied to the coordinates to give the so-caUed metric 
equations, and also to the spin coefficients and the curvature tensor 
components. 

An essential part of the general Newman-Penrose formalism is the 
set of Bianchi identies. These, however, will not be used explicitly in this 
text and therefore do not need to be repeated here. 



2.4 Einstein— Maxwell fields 

In this formalism, Einstein's field equations are applied simply by replac- 
ing the expressions for the Ricci tensor components in the above identities 
by the appropriate components of the energy-momentum tensor according 
to equation (2.5). For an electromagnetic field in a vacuum, for example, 
it is convenient to represent the electromagnetic field tensor F^^'^ by three 
complex scalars defined by 

$1 = ^i"^.(^''n^ + mV) (2.16) 

It is also possible to scale the electromagnetic field tensor such that Ein- 
stein's gravitational field equations are then given by 

^AB = ^A^B, A = 0, (2.17) 

and, in this case. Maxwell's equations take the form 



D^i - 5$o = (tt - 2a)$o + 2p$i - k$2 
D^2 - ^$1 = -A$o + 27r$i + (p - 2e)$2 
5$i - A$o = (/" - 27)$o + 2r$i - cr$2 
5$2 - A$i = -u^o + 2//$i + {t- 2/3)$2 



(2.18) 



It is also possible to classify the electromagnetic field in a similar way 
to the classification of the Weyl tensor. An electromagnetic field is said 
to be non-null or null if it has two distinct or one repeated principal null 
direction A;^ satisfying respectively 

'^^ ^ (2.19) 
F^,k'' = 0, F[^,kx]=0. 

Aligning l^^ with a principal null direction of the electromagnetic 
field makes $o = 0. If l'^ is a repeated principal null direction, then 
$0 = ^1 = 0) cind the only non-zero component of the null field is ^»2- 



